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a b s t r a c t
We study a semilinear hyperbolic problem, written as a second-order evolution equation
in an infinite-dimensional Hilbert space. Assuming existence of the global attractor, we
estimate its fractal dimension explicitly in terms of the data. Despite its elementary
character, our technique gives reasonable results. Notably, we require no additional
regularity, although nonlinear damping is allowed.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The classical method of volume contraction (Lyapunov exponents [1]) seems to be a first choice in estimating the
dimension of attractor. It is known to give sharp (in many cases optimal) estimates. Its main disadvantage, though, is that
it relies on differentiability of the solution semigroup, which in turn requires higher regularity (of both the data and the
solutions). This might render the method unusable, in particular for the general type of hyperbolic problems with nonlinear
dissipation, though we do not say that such problems always lack higher smoothness of attractors; see e.g. [2].
An alternative approach to the attractor dimension is to show that solution operators satisfy a certain type of
smoothing–squeezing property [3,4]. Here one can include also the so-called method of l-trajectories [5,6], where the
smoothing property is proved in the space of solutions on some – typically small – time interval. The method of trajectories
is ‘‘cheap’’ (in the sense of regularity requirements) and thus widely applicable. Such alternative methods are known to
prove finite dimensionality of attractors for a wide class of nonlinear hyperbolic problems [7–9].
It might be of some interest to see whether these methods can also yield reasonable explicit dimension estimates. In
the present work, we study an abstract wave equation with nonlinear damping. Using a certain variant of the method of
trajectories, we obtain estimates that are slightly worse than, but still comparable to results that can be obtained – under
stronger assumptions – by the method of Laypunov exponents.
2. Equations and preliminaries
We consider an abstract hyperbolic semilinear problem
u′′ + g(u′)+ Au+ f (u) = 0,
u|t=0 = u0, u′|t=0 = u1, (1)
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for u(t) : [0,∞)→ H , where (H, (·, ·)) is a separable Hilbert space, A : D(A) ⊂ H ↪→ H is a densely defined self-adjoint
operator with compact inverse. If λj, wj are the eigenvalues/eigenvectors of A, we set
Ha = D(A a2 ) =
{
u;
∑
λaj c
2
j <∞, where cj = (u, wj)
}
with the usual norm. Note that H0 = H , H1 = D(A 12 ) and (Au, u) = ‖u‖2
H1
.
We assume that
(g(u)− g(v), u− v) ≥ α‖u− v‖2H0 ,
‖g(u)− g(v)‖H0 ≤ cα‖u− v‖H0 ,
‖f (u)− f (v)‖H0 ≤ γ ‖u− v‖Hs; s ∈ [0, 1).
(2)
We further assume that for any [u0, u1] ∈ E = H1 × H0 there exists unique u ∈ C([0,∞);H1), u′ ∈ C([0,∞);H0),
a solution to (1). The solution semigroup S(t) : E → E is given by S(t) : [u0, u1] 7→ [u(t), u′(t)]. It will be convenient to
define E[u(t)] = ‖u(t)‖2
H1
+‖u′(t)‖2
H0
, i.e., the (square of the) E-norm of u at time t . Our last assumption is that there exists
a global attractorA ⊂ E, i.e., a compact, invariant set that attracts all bounded subsets in E. This can be shown, in a rather
general setting, by the standard decomposition of solutions; see e.g. [10].
The purpose of this note is to estimate explicitly its fractal dimension dimF (A) (in themetric E) in terms of the constants
λ1, a, α, γ and s. Recall that
dim
F
(A) = lim sup
ε→0
lnN(A, ε)
− ln ε ,
where N(A, ε) is the smallest number of sets of diameter ε that coverA.
3. A priori estimates
Let u, v be solutions to (1). Testing the equation forw := u− v byw′ gives, in view of (2),
1
2
d
dt
E[w] + α‖w′‖2H0 ≤ γ ‖w‖Hs‖w′‖H0 ≤
γ 2
2α
‖w‖2Hs +
α
2
‖w′‖2H0 , (3)
and hence
d
dt
E[w] + α‖w′‖2H0 ≤
γ 2
α
‖w‖2Hs . (4)
Further, since ‖w‖Hs ≤ λ
s−1
2
1 ‖w‖H1 and ‖w‖H1‖w′‖H0 ≤ E[w]/2, the first inequality in (3) implies
d
dt
E[w] ≤ λ s−121 γ E[w] .
It follows from Gronwall’s lemma that
E[w(t2)] ≤ cE[w(t1)], 0 ≤ t2 − t1 ≤ ` := λ
1−s
2
1 γ
−1 , (5)
where c = exp (1). This is the usual ‘‘bottleneck’’ of the method of `-trajectories. One has to keep ` small (cf. [5]) to avoid
exponentially large estimates.
Secondly, we multiply the equation forw byw to get
(w′′, w)+ ‖w‖2H1 ≤ cα‖w′‖H0‖w‖H0 + γ ‖w‖Hs‖w‖H0 .
Noting that (w′′, w) = ddt (w′, w)− ‖w′‖2H0 , and using estimates ‖w‖H0 ≤ λ
− s2
1 ‖w‖Hs and
α‖w′‖H0‖w‖H0 ≤ α2‖w′‖2H0 + λ−s1 ‖w‖2Hs ,
we conclude that
d
dt
(w′, w)+ ‖w‖2H1 ≤ (1+ cα2)‖w′‖2H0 +
(
γ λ
− s2
1 + cλ−s1
)
‖w‖2Hs . (6)
We multiply the last inequality by ε and add the result to (4); having chosen
ε := 1
2
min
{
α
1+ cα2 , λ
1
2
1
}
, K := γ
2
α
+ ελs1(γ λ−
s
2
1 + c), (7)
we arrive at
d
dt
Eε[w] + εE[w] ≤ K‖w‖2Hs . (8)
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Here, we set Eε[w] := E[w] + ε(w′, w). Note that the condition ε ≤ λ
1
2
1 /2 implies
c−1E[w] ≤ Eε[w] ≤ cE[w]. (9)
4. Smoothing property
By (9) and (5) we have Eε[w(`)] ≤ cE[w(`)] ≤ c˜E[w(s)], ∀s ∈ (0, `). Hence integrating (8) over (0, `) gives
(1+ cε`)Eε[w(`)] ≤ Eε[w(0)] + K
∫ `
0
‖w‖2Hs ,
Eε[w(`)] ≤ (1− θ)Eε[w(0)] + K
∫ `
0
‖w‖2Hs , (10)
where θ ∈ (0, 1) is given by the relation 1− θ = (1+ cε`)−1, i.e.,
θ ≥ cε`. (11)
5. Dimension estimate
The key step now is the following iterated covering argument, deduced from (10). Let B ⊂ Eε , diam B ≤ r . We will show
that S(`)B can be covered by N sets with diameter (1− θ/2) 12 r , where N is independent of B and r .
Indeed, let B` ⊂ L2(0, `; Eε) be the set of `-trajectories starting from B, i.e.,
B` = {χ; [χ(0), χ ′(0)] ∈ B, χ solves (1) on [0, `]}.
It follows from (5) that diam B` ≤ c` 12 r; more precisely B` ⊂ χ0 + U˜ , where
U˜ = {χ; ‖χ‖L2(0,`;H1) ≤ A˜; ‖χ ′‖L2(0,`;H0) ≤ B˜}.
with A˜ = B˜ = c` 12 r . We need to cover B` by sets F j` ⊂ L2(0, `;Hs), j = 1, . . . ,N , with diam F j` ≤ ηr , where η is given by
Kη2 = θ/2, i.e.,
η ≥ c
(
θ
K
) 1
2
. (12)
Obviously, the sets Gj ⊂ Eε , Gj := {[χ(`), χ ′(`)]; χ ∈ F j`} cover S(`)B, and it follows from (10) that(
diamGj
)2 ≤ (1− θ)r2 + Kη2r2 = (1− θ
2
)
r2
as required. It remains to determine the covering number N . Clearly, the problem is equivalent to the covering of
U = {χ; ‖χ‖L2(0,`;H1) ≤ A, ‖χ ′‖L2(0,`;H0) ≤ B}
by 1-balls in L2(0, `;Hs), where
A = B = c A˜
η
= c` 12 θ− 12 K 12 . (13)
It is clear that N is independent of r , and if we assume that the behavior of the eigenvalues of A is given as
λj ∼ λ1ja, (14)
it follows from [11, Lemma 4.2] that
lnN ≤ c`λ− 1a1 A
(
2
a+s
)
1
1−s B ln(λ1A+ 1).
Now, we can finish the estimate of dimF (A). Let diamA ≤ R. Since S(`)A = A, repeated use of the above argument gives
N(A, (1 − θ/2)kR) ≤ Nk; hence one deduces dimF (A) ≤ lnN/(− ln(1 − θ/2)) ≤ cθ−1 lnN . Substitution of the previous
quantities gives
dim
F
(A) ≤ cλ− 1a1 ε
(
s− 32− 1a
)
1
1−s K
(
1
2+ 1a
)
1
1−s , (15)
where ε, K are given in (7).
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6. Concluding remarks
Assume that A = −∆ in a bounded domainΩ ⊂ Rn, i.e., (1) corresponds to a damped wave equation. Thus, (14) holds
with a = 2/n (see e.g. [12]). Setting for simplicity λ1 = 1 and assuming γ > 1, α < 1, (7) reduces to ε = cα, K = cγ 2α−1
and we come to a more compact estimate
dim
F
(A) ≤ cγ n+11−s α s−n−21−s . (16)
It is noteworthy that [1, Section 6.2], under stronger assumptions (notably, a linear damping h(u′) = αu′ and smoothness
of g(·)) gives a similar estimate dimF (A) ≤ c (γ /α) n1−s , using a considerably more involved technique.
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